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PARTITIONING BASES OF TOPOLOGICAL SPACES 

DANIEL T. SOUKUP AND LAJOS SOUKUP* 



Abstract. We investigate whether an arbitrary base for a dense- 
in-itself topological space can be partitioned into two bases. We 
prove that every base for a T3 Lindelof topology can be partitioned 
into two bases while there exists a consistent example of a first 
countable, O-dimensional, Hausdorff space of size 2" and weight 
lj\ which admits a point countable base without a partition to two 
bases. 



1. Introduction 

At the Trends in Set Theory conference in Warsaw, Barnabas Farkaaj 
raised the natural question whether one can partition any given base for 
a topological space into two bases; we will call this property being base 
resolvable. Note that every space with an isolated is not base resolvable; 
hence, from now on by space we mean a dens e-in-its elf topological space. 
The aim of this paper is to present two streams of results: in the first 
part of the article, we will show that certain natural classes of spaces are 
base resolvable. In the second part, we present a method to construct 
-^ ! non base resolvable spaces. 

The paper is structured as follows: in Section [21 we will start with 
general observations about bases and we prove that metric spaces and 
left-or right-separated spaces are base resolvable. This section also 
5_i ! serves as an introduction to the methods that will be applied in Section 



[31 where we prove one of our main results in Theorem 13.61 every T 3 
(locally) Lindelof space is base resolvable. 

In Section HI we investigate base resolvability from a purely com- 
binatorial viewpoint which leads to further results: every hereditarily 
Lindelof space (without any separation axioms) is base resolvable and 
any base for a T\ topology which is closed to finite unions can be par- 
titioned into two bases, see Theorem 14.61 and 14.71 respectively. 
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Next in Theorem 15.61 we prove that every base B for a space X 
(resolvable or not) contains a large negligible portion, i.e. there is 
U G [B] |B| such that B \ U is still a base for X. 

The second part of the paper starts with Section [HI here, we isolate a 
partition property, denoted by P — > {Iui)\-, of the partial order P = (B, D 
) associated to a base B which is closely related to base resolvability. 
We will construct a partial order P with this property in Theorem 16.51 
and deduce the existence of a To non base resolvable topology (in ZFC) 
in Corollary 16.131 

Next, in Section [7] we present a ccc forcing (of size Ui) which intro- 
duces a first countable, O-dimensional, Hausdorff space X of size 2^ 
and weight oj\ such that X is not base resolvable. The main ideas of 
the construction already appear in Section O however the details here 
are much more subtle and the proofs are more technical. 

The paper finishes with a list of open problems in Section We 
remark that Section [7J was prepared by the second author and the rest 
of the paper is the work of the first author. 

The first author would like to thank his PhD advisor, William Weiss, 
the long hours of useful discussions. Both authors are grateful for the 
help of all the people they discussed the problems at hand, especially 
Allan Dow, Istvan Juhasz, Arnie Miller, Assaf Rinot, Santi Spadaro, 
Zoltan Szentmiklossy and Zoltan Vidnyanszky. Finally, we thank Barn- 
abas Farkas for the excellent question! 

2. General results 

In this section, we prove some basic results concerning partitions of 
bases; these proofs will introduce us to the more involved techniques 
of the upcoming sections. 

Definition 2.1. A base B for a space X is resolvable iff it can be 
decomposed into two bases. A space X is base resolvable if every 
base of X is resolvable. 

Recall that by space we will mean a dense-in-itself topological space 
throughout the paper. 

Partitioning sets with additional structure is a highly investigated 
theme in mathematics; let us cite a classical result of A. H. Stone 
which is relevant to our case: 

Theorem 2.2 (A. H. Stone, |2|). Every partially ordered set (P, <) 
without maximal elements can be partitioned into two cofinal subsets. 

Proposition 2.3. (1) Every base can be partitioned to a cover and 
a base. 
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(2) Every it -base can be partitioned to two it -bases. 

(3) Every neighborhood base can be partitioned to two neighborhood 
bases. 

Proof. To prove (1), note that every cover contains a well founded (with 
respect to c) subcover. Also, well founded families of open sets cannot 
form neighborhood bases in dense-in-itself spaces; thus, if U is a well 
founded cover of X and B is a base then B \ U is still a base of X. 
Note that (2) and (3) follows from Theorem 12.21 □ 

Now we prove our first general result. 

Proposition 2.4. Every space with a a-disjoint base is base resolvable; 
in particular, every metrizable space is base resolvable. 

Proof. Fix a space X with a base UE n where each E n is a disjoint 
family; fix an arbitrary base B as well which we aim to partition. 
By induction on n G u, construct Bj >n C B for i < 2 such that 

(1) Bj jn is well founded for i < 2, n G u, 

(2) Bj >n fl Mj tm = if i, j < 2, n, m G u) and (i, n) ^ (j, m), 

(3) for every V G E n and i < 2 there is U C B in such that \JU = V. 

Note that property (1) assures that B \ UJBj^ : i < 2, k < n} is still a 
base of X for each n < u thus the induction can be carried out. Let 
Bj = U{B in : n G u} for i < 2; it is easy to see that these disjoint 
families will form a base by property (3). □ 

Note that every a-disjoint base is point countable, however our exam- 
ple of an irresolvable base constructed in Section [7] is point countable. 

A somewhat similar technique, which will be used later as well, gives 
the following result: 

Proposition 2.5. Suppose that a regular space X satisfies L(X) < 
k = w(X) = min{x(X, x) : x G X}. Then X is base resolvable. 

Proof. Fix a base B for X and an enumeration {(U a , V a ) : a < k,} of all 
pairs of elements U, V G B such that [/CI/; without loss of generality, 
we can suppose that B has size k. 

By induction on a < k construct Bo iQ ,Bi iQ , C B such that 

(1) B , Q H Bi, a = and B i>Q C B i>/3 for a < (3 < k and i < 2, 

(2) there isWC Bj )Q , such that U a C \JU C V a for every i < 2, 

(3) |li, a | < L(X) -\a\ for i < 2. 

Note that our assumptions on the space and the inductive hypothesis 
(3) implies that 

M\\J{M^:f3<a,t<2} 
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is still a base for X for every a < k. It follows that the induction can 
be carried out and the disjoint families Bj = U{Bj jQ , : a < k,} form a 
base for X by (2); thus X is base resolvable. □ 

We end this section by giving further classes of spaces which are base 
resolvable. 

Observation 2.6. Every right or left separated space is base resolvable. 
Furthermore, the Sorgenfrey line or the Double Arrow space is base 
resolvable. 

Proof. Recall that every neighborhood base can be partitioned into 
two neighborhood bases by Proposition 12.31 Thus, if B is a base of 
X and there is a map / : B — y X such that f~ l (x) is a base at x 
for any x G X then by partitioning / (x) for each x G X into two 
neighborhood bases of x we get a partition of B into two bases of X. 
Now, it is straightforward to finish the proof. □ 

3. LlNDELOF SPACES ARE BASE RESOLVABLE 

Our aim in this section is to prove that T 3 Lindelof spaces are base 
resolvable; we start with a definition and some observations while the 
most important part of the work is done in the proof of Lemma 13.31 

Definition 3.1. Let A,B families of open sets in a space X. We say 
that A weakly fills B iff for every U,V G B such that U C V there is 
W C A such that 

f/CUWcK 

A, B is called a weakly good pair iff A, B are disjoint, A weakly fills 
B and B weakly fills A. 

We remark that in the next section we introduce stronger notions 
called filling and good pairs. The following observations summarize the 
importance of weakly good pairs: 

Observation 3.2. Suppose that X is a regular space. 

(1) If (A, B) is a weakly good pair in X then A contains a neigh- 
borhood base at x iff B contains a neighborhood base at x, for 
any x G X. 

(2) If a family of open sets A weakly fills a base B of X then A is 
a base as well. 

(3) If {A a : a < k,} and {B a : a < k} are increasing and (A a , B a ) 
is a weakly good pair in X then (U a<K A a , U a<K B a ) is a weakly 
good pair as well. 
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We encourage the reader to compare these observations with the 
proof of Proposition 12.51 

We say that the weakly good pair (A', B') extends the weakly good 
pair (A, B) iff A Q A' and B C B' . A family of weakly good pairs 
{(A^,B^) : £ < 6} is pairwise disjoint iff A% fl B^ = for each 

Next, we prove that weakly good pairs can be nicely extended in 
Lindelof spaces. 

Lemma 3.3. Suppose that X is a T 3 Lindelof space with a base B. 
Given a weakly good pair (A, B) from elements o/B and a single pair of 
open sets {U, V} such that U C V there is a weakly good pair (A', B') 
formed by elements of B extending (A, B) such that both A' and B' 
weakly fills {U, V}. 

Proof. We will show this essentially by induction on the size of A and 
B however we need to prove something significantly stronger (and more 
technical) then the statement of the lemma itself. 

Let A K stand for the following statement: for each pairwise disjoint 
family of weakly good pairs {(Ai,Bi), (Cj,Dj) : i < n,j < k}, each a 
subfamily from B, such that \Ai\, \Bi\ < k and arbitrary open family £ 
of size at most n there is a weakly good pair (A, B) from B of size at 
most k such that 

(1) U i<n Ai C A and U i<n Bi C B, 

(2) A and B weakly fills £ , 

(3) {(A,B), (Cj,T>j) : j < k} is still pairwise disjoint. 

We prove that A K holds for every infinite k by induction on k. 

Claim 3.4. A w holds. 

Proof. Fix {(Ai,Bi),(Cj,Vj) : i < n,j < k} and £ as above. By 
induction on m G u we build increasing {A m : m 6 u} and {B m : m G 
ui} such that A m , B m are disjoint subfamilies of B and 

(1) A = U i<n A u B° = U i<n B u 

(2) A m+l \ A m and B m+1 \ B m are countable well-founded families 
for each m G u, 

(3) A m n Bi = 0, A m n Vj = and B m n A = 0, B m n Cj = for 
i < n, j < k, m < u. 

Furthermore, we will make sure that A = U meLl jA m and B = U meL0 B m 
forms a weakly good pair and they both weakly fill £. Therefore, we 
partition u into infinite sets u> = U{D m :m6w} and at each step we 
define a surjective map f m : D m \(m + 1) -)> {(U, V) G (A m UB m U£) 2 : 
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U C V}; if m G D\ \ (I + 1) and fi(m) = (U, V) then at step m we 
extend so that A m and B m weakly fills {U, V}. 

Now our goal is reduced to construct A m+1 and B m+l from ^4 m and 
B m such that they satisfy (2)-(3) above while they both weakly fill a 
given {U,V}. We construct A m+1 , the proof for B m+1 is analogous. 
Define 

Fi = {x G X : Ai contains a neighborhood base at x} 
= {x E X : Bi contains a neighborhood base at x} 

and 

Gj = {x G X : Cj contains a neighborhood base at x} 
— {x G X : T>j contains a neighborhood base at x}. 

For every % < 2 and x G F^ (1 U pick t/ Xj j G *4j such that x G C/ Xj j C V; 
let U = {U x ,i : i < 2,x e Fif] U}. For j < k and x E Gj C\U pick 
K,j £ Cj such that x G V^j C V; let V = {V x j : j < k,x E Fj n U}. 
Now note that for every x G U \{J(V U U) there is a neighborhood 
base for x in B \ U*<2 i<fc(^» U ^i)' hence for every x E U \ (J(V U W) 
we can pick W x e B \ \J i<2ij<k (Bi u ^j) sucn tliat x e W x C V; let 
W = {W* : x E U\ U(V U W)}. Select a countable well-founded 
subcover Q C U U V U W of F and define A m+1 = A m UQ. D 

Claim 3.5. Suppose that A\ holds for every u> < A < K. Then A K 
holds. 

Proof. Fix {(*4j, 6i), (Cj, T>j) : i < n, j < k} and £ , let cf (k) = \x and fix 
a cofinal sequence of ordinals (^)^ <At in k. Take a chain of elementary 
submodels (M^)^ <fJL such that everything relevant is in Mq, k% C Mg 
and \M^\ — \k^\ for £, < fi. The following is an easy consequence of M^ 
being elementary and X being Lindelof: 

Subclaim 3.5.1. (Ai D Mg, £>j fl M^) are weakly good pairs of size at 
most \k^\ for all i < n. 

By induction on £ < /i construct an increasing sequence of weakly 
good pairs {(A^, B^) : £ < fi} such that 

(i) U i<n (Ai nM 5 )c^Cl and U i<n (Bi n M 5 ) cBkl, 
(ii) ^,B^ has size < \k^\, 
(iii) A*, & weakly fills S n M ? , 

(iv) ^ n Bi = 0, ^ n Vj = and # n A = 0, # n C 3 = 0. 

This can be done using A| K at stage £. First note that A^ = U{*4^ : 
C < £} and B<t = U{i3 c : C < £} are of size at most |« € | and (./!<*, £<*) 
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is a weakly good pair. Also, the family 

{(A^, B<t), (Ai n Mz, B % n M e ); (A, Bj), (C„ V 3 ) :i<n,j<k} 

is pairwise disjoint. Hence A^j implies that there is a weakly good pair 
(A^, B^) from B of size at most \k^\ which fills £ D M^ and is pairwise 
disjoint from {(Ai,Bi), (Cj,T>j) : i < n,j < k} while 

A^ U |J {A t n M c ) C ^ 
and 

£ <? u |J (5, n M ? ) c #. 

i<ra 

Note that A| K j was used to find the common extension of n+ 1 weakly 
good pairs such that this extension is disjoint from n + k given weakly 
good pairs. Now define A = U{A^ : £ < (} and B = U{B^ : f < C}; 
(^4, $) is the desired extension. D 

This finishes the proof the lemma. 

□ 

Corollary 3.6. Every T^ (locally) Lindelof space is base resolvable. In 
particular, every T3 locally countable or locally compact space is base 
resolvable. 

Proof. Fix a base B for a T 3 Lindelof space X and consider the set P 
of all weakly good pairs (A, B) from B partially ordered by extension. 
Note that we can apply Zorn's lemma to P by Observation 13.2} pick 
a maximal weakly good pair (A, B) G P. Lemma 13.31 implies that a 
maximal weakly good pair must weakly fill every U C V pair, hence 
both A and B are bases of X. 

Given a T3 locally Lindelof space X with a base B consider it's one- 
point Lindelofization X* = XU{x*} with the base B* = MU{U C X* : 
U is open in X*, x* G U}. X* is T3 Lindelof hence base resolvable; thus 
B* can be partitioned to two bases which clearly gives a partition of 
B. * □ 

4. COMBINATORICS OF RESOLVABILITY 

In this section, we will prove a combinatorial lemma which will be our 
next tool in showing that further classes of space are base resolvable. 

Definition 4.1. Let A,BC P(X). We say that A fills B iff 

U = U{V G A : V C U} 

for every U G B. A,B is called a good pair iff A, B are disjoint, A 
fills B and B fills A. A is self-filling if A fills A. 
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Note that A C P(X) generates a topology on X iff A fills {f)B : B E 
[A] <UJ } and covers X. 

Definition 4.2. A self-filling family A is resolvable iff there is a 
partition Aq, A\ of A such that A% fills A for i < 2. 

Lemma 4.3. Suppose that B C P(X) fills itself. Then the following 
are equivalent: 

(1) for every [/el there is a good pair (Bq , Bf ) /rom B such that 

(2) B is resolvable. 

Proof. (2) implies (1) is trivial. 

Let V be the set of all good pairs (Bo,Bi) formed by elements of B; 
V is partially ordered by (l ,li) < (B(,,Bi) iff B; C B^ for i < 2. It is 
clear that every chain in (V, <) has an upper bound hence, by Zorn's 
lemma, we can pick a <-maximal element (B ,Bi) E V. 

We claim that B, fills B for i < 2. Pick any U E B and consider the 
good pair B^,lf with U = UB|^ = Ulf. Define 

B^ = Mi U (Bf \ Bi_,) 

for i<2. It is easy to see that (B^B'J forms a good pair which fills 
{U}. Also, (l ,li) < (B(,,Bi) thus by the maximality of (B ,Bi) we 
have that B^ = Bj. This finishes the proof. □ 

The first corollary is a direct application and shows that resolvability 
is preserved by unions. 

Corollary 4.4. Suppose that M a is a resolvable self-filling family for 
each a < K. Then U{B a : a < n} is a resolvable self-filling family as 
well. 

Corollary 4.5. Suppose that a self-filling family B has the property 
that for every U E B there isU E [B \ {U}}- u such that U = UU. Then 
B is resolvable. 

Proof. We apply Lemma 14.31 fix a U E B and we build the good 
pair Bq^Bj 7 C B covering U by induction of length u. First pick 
disjoint well founded, countable covers of U denoted by Bg,B°. Then 
in each step n E u pick countable well founded subfamilies Bg,B™ 
from B \ U{B 7 : i < 2,j < n} such that they are disjoint and they 
both fill in a previously chosen member of U{B 7 : i < 2,j < n}. 
By a straightforward bookkeeping argument we can guarantee that 
Mf = U{B" : n E u>} (both covering U) is a good pair. D 
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Corollary 4.6. Locally countable or hereditarily Lindelof spaces are 
base resolvable without assuming any separation axioms. 

Our next corollary establishes that every reasonable space admits a 
resolvable base. 

Corollary 4.7. Suppose that B is a base closed to finite unions in a 
7\ topological space. Then B is resolvable. 

Proof. We apply Lemma 14.31 again: fix U G B and we construct a 
good pair covering U. Fix an arbitrary strictly decreasing sequence 

{U n :n<Eu} CM such that U C U. Let 

Bf = {V e B n 7>(*7) : 3A; G w : £/ 2 fc+* C V but f/ 2fc _ 1+l £ V} 

for i < 2. B^ fl B^ 7 = and it is easy to see that the assumption on 
the base guarantees that (B^,Bf ) is a good pair. □ 

Corollary 4.8. The set of all open sets in a T\ topological space is 
resolvable. 

Corollary 4.9. Under Martin's Axiom every space X of local size < 2 W 
is base resolvable without assuming any separation axioms. 

Proof. We apply Lemma 14.31 fix U G B and we construct a good pair 
covering U. Note that we can suppose that \U\ = K < 2 W without loss 
of generality. Select M v G [M] K which fills itself and \JE V = U. Now 
consider the ccc partial order P = Fn(Mu, 2, u), i.e. the set of all finite 
partial functions from Mjj to 2. Now consider 

D x y,i = {/ G P : there is W G / _1 (i) : X G W C V} 

for i < 2, x G U and V G B^; note that each D x yj is dense in P. Hence 
there is a filter G C P which intersects T) x y^ for i < 2,x € U and 
V G By. Let B; = {V G B^ : (UG)(V r ) = i} for z < 2 and note that 
(Bq,Bi) is the desired good pair. □ 

5. Thinning self filling families 

Let B be a self filling family; note that B is redundant in the sense 
that M\14 still fills B for a finite or more generally, a well founded 
family U. 

Definition 5.1. We say that U CM is negligible iffM\U still fills M. 

Our aim in this section is to show that every self filling family B 
contains a negligible subfamily of size |B|. Note that a base B for 
a space X is resolvable iff it contains a negligible subfamily U C B 
such that U is a base of X as well. We will make use of the following 
definitions: 
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Definition 5.2. U C V(X) is weakly increasing iff there is a well 
order -<ofU such that A -< B implies that B \A ^ 0. 

Definition 5.3. IfM fills itself then let 

L(U,B) =min{|V| : V C B \ {U},U = UV} 
for U G B. 

Observation 5.4. Suppose that B /iZZs zise// andU C B. 

^ There is weakly increasing W CW sitc/i t/iat UW = UW. 

(%) J/W zs weakly increasing then U is well founded with respect to 

inclusion; in particular, U is negligible. 
(3) IfM\U fills U then U is negligible. 

Our first proposition establishes the main result for regular |B|. 

Proposition 5.5. Suppose that B fills itself, and k = |B| is regular. 
Then B contains a negligible family of size K. 

Proof. We can suppose that L(U,M) < k for every [/el; otherwise 
we can find a weakly increasing subfamily of size K which is negligible 
by (2) of Observation 15.41 It suffices to define an increasing sequence 
of disjoint subsets U^, Vg G [B] <K for £ < k such that Vg fills U^ and 
lA^ + \ \U^ 7^ 0; clearly, U = U{t/^ : £ < k,} is a negligible set of size K in 
B by (3) of Observation [531 Suppose we have % V c G [B] <K for £ < ( 
as above for some ( < n; then B \ U{U^, Vg : £ < (} ^ by «; being 
regular hence we can select C/^6B\ U{Wg, Vf : £ < C} and define 

^c = R) U |J{^ : * < CI- 
Find WCB\{f/ ( }of size < « such UW = C/ c ; define 

Vc = Ui V ^e<C}U(W\W c ). 

It is easy to show that V^ fills Uq, see the proof of Lemma 14.31 □ 

Theorem 5.6. Suppose thatM fills itself. Then B contains a negligible 
family of size |B|. 

Proof. We can suppose that /i = cf (k) < k — |B| and that every weakly 
increasing sequence in B is of size less than k. Fix a cofinal strictly 
increasing sequence of regular cardinals k,^ in n such that /i < k$ and 
define 

B 5 = {[/6l : £(£/,!) < kJ. 

If there is a £ such that every weakly increasing sequence is of size less 
than k% then B = Bg; define a set mapping F : B — > [B] <fc « such that 
[/ = UF(lQ where F(U) CB\ {[/}. As k+ < « we can apply Hajnal's 
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Set Mapping theorem (see Theorem 19.2 in [lj): there is an F-free set 
U of size k in B, i.e. F(U) H U = for all U G U\ observe that U is 
negligible as \J{F(U) : U G U) C B \ U fills U. 

From now on we suppose that there are arbitrarily large weakly 
increasing sequences in B. It suffices to define increasing sequences 
% V e G [B] <K for f < fj, such that 

(i) W^, Vg are disjoint and k^ < \U^\, 
(ii) V c fills Us.. 
Indeed, the union U{Wg : £ < /i} is negligible in B of size «. Suppose 
we defined % V ? G [B] <K for £ < (; let 

A=(||J{^UV € :£<C}|-k c ) + . 

Note that A < k thus we can pick a weakly increasing W G [B] A ; 
without loss of generality, we can suppose that W is disjoint from 
\J{U(: U V ? : £ < C}- Note that 

W = U{B 5 n W : 5 < fi} 

and that jjl < cf (A) = A, hence there is 5 < fi such that W' = W D Bj 
has size A. Define tf c = W U UU4 : £ < C}- 

Now, for every U G W select F([7) G [B \ {U}f s such that [/ = 
UF(U). Define 

V C = \J{Vs : £ < C} u |J{*TO : f 7 e W'} \ W c . 

Note that «£ < |W^| = A and |V^| < A ■ Kg < n. It is only left to prove 
that V^ fills U^; in fact, it suffices to show that Vf fills W. Suppose 
that -< is the well ordering witnessing that W is weakly increasing 
and suppose that there is a U G W which is not filled by V^; we can 
suppose that U is -<-minimal. Fix an x G £7 witnessing that V^ does 
not fill U. Pick 1/ G F(U) such that s G V C £/; if V G W then 
V ~< U, thus V is filled by V^ by the minimality of U. This contradicts 
the choice of x, hence V £ W. Thus V G V c U |J{^ : £ < C} which 
is filled by V^ by the inductional hypothesis; this again contradicts the 
choice of x, which finishes the proof. 

□ 

6. Irresolvable self filling families 

The aim of this section is to construct an irresolvable self filling 
family and deduce the existence of a non base resolvable T topological 
space. 

Given a partial order (P, <) and p, q G P let 

[p, q] = {r E P : p < r < q} . 
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The key to our construction is the following definition: 

Definition 6.1. We say that a poset P without maximal elements sat- 
isfies 

iff for every partition P = Dq \JD\ there is i < 2 and strictly increasing 
{p n : n G u} C £), suc/i i/iai [po>Pn] ^ -Dj /or every n G w. 27ie 
negation is denoted by P -^ (/ w )2- 

The above definition is motivated by the following: 

Observation 6.2. For any irresolvable self filling family B C V(X) 
the partial order P = (B, D) satisfies P — >■ (i^,)^- 

Proof. Consider a partition of P = (B, D) into sets D ,Di, as B is 
irresolvable, there is i < 2, 1 6 X and U & D-i such V £ Dj for 
every V G B with x & V C. U. Pick a strictly decreasing sequence 
{V n : n G u} C B such that rr G \4 C [/ for every n & u; clearly, 
[Vo, Ki] C Dj for every n G w. D 

Our next aim is to find a partial order P first with P — > {Ij)\', note 
that trees or Fn(n,2) cannot satisfy P — > (1^)2- Moreover: 

Proposition 6.3. P -^ (X^ / or every countable poset P without max- 
imal elements. 

Proof. Define a rank function rk p by induction on a well founded subset 
of Up = {q G P : p < g} (for each p G P) as follows: 

rk p {p) = 0, 

r/c p (t) = sup{r/c p (s) + 1 : s G C/ p , s < t} (6.1) 

if rk p (s) is defined for all s G U p , s < t. 

We will refer to rk p as the p-rank. Also, let {I n : n G u} enumerate 
all intervals I = [p',p] in P which contain an infinite chain and let 
P = {p n : n G 00} denote a 1-1 enumeration. 

By induction oanGw construct disjoint Po jn , Pi ;n C P such that 
(i) Pi tn is a finite union of antichains for i < 2, 

(ii) p„ G Uj<2-Pj, n and there is q G Pi yTl such that p n < q for each i < 2, 
(iii) /„ n P i>n ^ for i < 2, 

(iv) for every strictly increasing chain C = {ct '■ k G u} C P contain- 
ing only well founded intervals such that p n G C we have 

|J[c o ,c fc ]np,„^0 

fcgu 

for each % < 2. 
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It is easy to see that such a construction yields a partition Pi = U{Pj >n : 
n G uj} witnessing P -» [I^)\. 

Suppose we constructed P^ n -\ satisfying the above conditions; note 
that finitely many elements can be added to both Po,n-i an d P\, n -\ 
without violating (i), thus (ii) and (iii) are easy to satisfy; note that 
In \ Uj<2-P«,n-i is infinite as I n contains an infinite chain. 

It suffices to show the following to finish our proof: 

Claim 6.4. Fix j)6F and iCP which is covered by finitely many 
antichains. Then there is an antichain B CF\ A such that for every 
increasing chain C = {ck '■ k G 00} C P containing only well founded 
intervals with p G C we have 

\J[c ,c k ]nB^$. 

Proof. Let Q = {q G P \ A : [p,q] is well founded} and define q + to be 
the element minimizing rk p on [p, q]\A for q G Q; let B = {q + : q G Q}. 
First note that B is an antichain. Now fix a strictly increasing chain 
C = {cfc : k G uj} C P containing only well founded intervals with 
p G C; note that there is q G C \ A such that p < q; also, q G Q by 
[p, q] being well founded. Thus q + G Ufc&J c 0' c k] H B. D 

To finish the proof of the theorem, apply the claim twice: to A = 
\JPi tn -i and define Po,n = Po,n-i U B and next to A = Po,n U Pi, n -i 
similarly. 

D 

We will call a countable strictly increasing sequence of elements of 
P a branch; we say that a branch x = (x n ) neuJ goes above an element 
p G P iff p < x n for some n & u. 

Theorem 6.5. There is a partial order P of size u\ without maximal 
elements such that P — )■ (1^)2 • Furthermore, 

(1) every p G P /las finitely many predecessors, 

(2) if p "^ q in P £/ien i/iere zs a branch x in P which goes above q 
but not p. 

Proof. Let us fix a function c : [wi] 2 — > w such that c(-,() '■ ( -^ u) is 
1-1 for every ( 6 Ui. It is easy to see that such functions satisfy the 
following: 

Fact 6.6. If 'c(-, C) : C — ^ w ^ s 1-1 f or every (Gwi /or some c : [wi] 2 — > 
u then for every uncountable, disjoint family A Q [oJ\\ <w and N G u 
there are a < qj in A such that c(£, (A > N for every £ G a, £ G b. 



l a < b iff £ < C for all £ e a, C e b 
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Also, fix an enumeration {(y a ,w a ) : u> < a < U\} of all pairs of 
elements of 0J\ x u such that y a , w a G a x uj. 

We define P = (u>i x u, <) as follows: by induction on a G L\ 
(where L\ stands for the limit ordinals in Wi) we construct a poset 

P a = ((a + u)xw, < a ) with properties: 

(i) P a has no maximal elements and every p G P a has finitely many 

predecessors, 
(ii) <a \ P =<p for all (3 < a, 

(iii) (£, n) < Q (£, m) implies that £ < C an d max(ra, c(£, £)) < m, 
(iv) there is t a G P a such that £ < a t a if and only if t < a y a or t < a w a , 
(v) if p ^ g in P a then there is a branch x in P a which goes above q 
but not p. 

We only sketch the inductive step: suppose that y a = (£, n) and w a = 
((,m). Now find k G u larger than n,m and c(u, a) for every z/ G Wi 
such that there is s < y a or s < w a with s = (V, Z) for some / G w; 
this can be done by (i). Now define t a = (a, k) and < a so that t < a t a 
implies that t < a y a or t < a w a . Extend < a further so that P Q has 
no maximal elements and satisfies (v); this can be done by "placing" 
copies of 2 <u} above elements of F a \ U{P^ : (3 < a}. 

Let us define P = U{P a : a < u>i} and <= U{< Q : a < u>i}; observe 
that (P, <) is well defined and trivially satisfies (1) and (2). In what 
follows, 7[ Ul and 7r w denotes the projections from u)\ x u> to the first and 
second coordinates respectively. 



Claim 6.7. P ->■ (i, 



u)2- 



Proof. Suppose that F = DqU D\, we can assume that Dq and D\ are 
both cofinal. Now suppose that there is no increasing chain with each 
interval in one of the Di and reach a contradiction as follows. We will 
say that an interval [s, t] in P is i-maximal for some % < 2 if [s, t] C Di 
but [s,f] ^ Di for every t < t'. Observe that for every s G Di there 
is t G Di such that [s,t] is i-maximal; otherwise we can construct an 
increasing chain starting from s with each interval in Di. Now construct 
increasing 4-element sequences R a = {x a < y~ a < z a < w a } C P for 
a < U\ such that 

(a) [x a ,^ a ] C P is a 0-maximal interval, 

(b) [5 a ,tD a ] C Pj is a 1-maximal interval, 

(c) ii^Ra < ix^Rp if a < (3. 

By passing to a subsequence of {R a : a < Ui} we can suppose that 
TTujRa is independent of a; let iV = max^-Rc,. Find a < f3, using Fact 
6.61 suc h that 
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Observe that x a ^ wp by TT u wp = N < c(n UJl x 0i ,7i U j 1 wp) and (iii). Now 
find 7 < Ui such that (y 7 , w y ) = (y a ,wp) and consider £ 7 G P 7 . We 
claim that i 7 is a minimal extension of 7/ a and w^ in the following sense: 

(2) [zp,ty] = [zp,wp] U{£ 7 }. 
Indeed, if x a < t' < t 7 then t' < y a or t' < Wp; x a ^ Wp implies that 
t' ^ u;^ hence £' G [x a ,^ Q ]. Similarly, if zp <t! < t 7 then £' < y a or 
£' < w/j; however, t' ^ y a by 7r w £' > Tc^jja so £' G [zp, Wp\. 

Note that i G Po contradicts the O-maximality of [x a ,y Q ] and (1) 
while t 6 Pi contradicts the 1-maximality of [zp,wp] and (2). D 

The above claim finishes the proof. □ 

Using the previous theorem, we construct an irresolvable self-filling 
family; we can actually realize this family as a system of open sets in 
a first countable compact space. We remark that this space is base 
resolvable, as every compact space, by Corollary 13.61 

Theorem 6.8. There is a first countable Corson compact space (X,r) 
and hi C t such that U fills {flV : V G [Z/] <tJ } and U is irresolvable. 

Proof. Consider the poset P in Theorem 16.51 We say that x G P w is a 
maximal chain iff (x(n)) n&LU is a branch in P, x(0) is a minimal element 
of P and [x(n),x(n + 1)] = {x(n),x(n + 1)}. Note that there are no 
increasing chains of order type u) + 1 in P. Furthermore 

Observation 6.9. (1) Any branch y G P w can be extended to a 
maximal chain y G P w ; 
(2) there is ann <Eu such thatU no < n [y(n ),y(n)] C li n&J [y(0),y(n)]. 

Note that (2) implies that if y G P w has homogeneous intervals with 
respect to some coloring of P then the an end-segment of the maximal 
extension y has the same property. 

Now consider X = {x G P w : x is a maximal chain} as a subspace of 
2 P ; here 2 P is equipped with the usual product topology. 

Claim 6.10. X is a compact subspace o/S(2 p ) = S(2' Jl ). 

Proof. S(2 P ) = S(2 aJl ) follows from |P| = uj\ and clearly every chain is 
countable so X C S(2 P ). 

We prove that X is a closed subset of 2 P . Suppose that y G 2 P \ X; 
clearly, if y is not a chain then y can be separated from X. Suppose that 
y is a chain, then either y(0) is not minimal in P or there isnGw such 
that (y(n),y(n+l)) ^ 0. In the first case let e G Fn(F, 2) be defined to 
be 1 on y(0) and e(p) = for p < y(0), p G P (note that each element 
in P has only finitely many predecessors); then y G [e] and [e] fll = 0. 
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In the second case let e G Fn(F, 2) such that 1 = e(y(n)) = e(y(n + 1)) 
and e \ (y(n), y(n + 1)) = 0; then y G [e] and [e] n X = 0. D 

Claim 6.11. {x} = r\{[xx( n )] C\ X : n £ u} for every x G X . Hence 
every point in X has countable \1/ -character; in particular, X is first 
countable. 

Proof. Suppose that y G H{[xx(n)] H X : n G a;}, that is {x(n) : n G 
w} C {y(n) : n G u;}. We prove that x(n) = y(n) by induction on 
n G to. ?/(0) = x(0) as they are both minimal elements in P. Suppose 
that x(i) = y(i) for % < n; if x(n) 7^ t/(n) then x(n) = t/(fc) for some 
n < k, thus y(n) G (x(n — l),x(n)) = (y(n — l),y(k)) which contradicts 
the maximality of the chain x. □ 

Now define 

V p = {x £ X : 3n 6 u : x(n) > p} for pGP, 

and note that V p is open since V p = ^{{X{q}] f^X : p < q}. We define 
U = {V p :peF}. 

Claim 6.12. U is an irresolvable self filling family. 

Proof. Note that p < q in P if and only if V g C 1^,; the nontrivial 
direction is implied by property (2) of P in Theorem 16.51 Now it is 
easy to see that U fills itself. 

We show that U is irresolvable; suppose that we partitioned U, equiv- 
alently P into two parts Po,Pi- Applying P — y {ItS)\ we that there 
is a chain y G P w and i < 2 such that [y(0),y(n)} C P, for every 
n G OJ. By our previous Observation 16.91 there is y G X such that 
[y{ n o)iy{ n )\ Q Pj f° r some no G w and every n > n . We claim that 
there is no V 6 {V^ : p G Pi_i} such that y & V C. Vyi no \. Indeed, if 
V G V p C V^( no ) for some p G P then y(^o) < J 5 and there isnew\ji 
such that p < y(n); that is p G [2/(710), 2/( n )] Q ^i- D 

The last claim finishes the proof of the theorem. □ 

Let us finish this section with the following: 

Corollary 6.13. There is a non base resolvable, T topological space. 

Proof. There is an irresolvable self filling family U C V(X) (on some 
set X) such that U fills {HV : V G [U] <UJ } by Theorem E3 Define a 
relation ~ on X by x ~ ty iff {£/ G W : x G U} = {U G W : y G C/}; 
clearly, ~ is an equivalence relation on X. Let [x] stand for the ~-class 
of x G X; let [J7] = {[x] : x G C/} and note that [1] = {[C7] : U G ZY} 
is a base for a To topology on [X]. It is easy to see that [B] is an 
irresolvable base. □ 
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7. A 0-DIMENSIONAL, HAUSDORFF SPACE WITH AN IRRESOLVABLE 

BASE 

In this section, we significantly strengthen Corollary 16. 13l by showing 

Theorem 7.1. It is consistent that there is a first countable, 0- dimensional, 
T 2 space which has a point countable, irresolvable base. Furthermore, 
the space has size c and weight u\ . 

Proof. For (a,n) , {/3,m) G u>i x ui write (a,n) < ((3,m) G u)\ x uj iff 
(a, n) = (/3, m) or (a < /3 and n < m ). 

Definition 7.2. If dn,di2C. <, t/ien Zet ^i U ^2 fre i/ie partial order 
generated by ^ U ^ 2 . 

Definition 7.3. If A = {oJ\ x w, :<) is a poset with ^C <, and for each 
a G L\ we have a set T a G a x u such that 

(C) (T a , X) zs an everywhere uj-branching tree, 

then we say that the pair (A, (T a : a S Ii)) is a candidate. 

Denote T a (n) the n th level of the tree (T a , ^}. 

Definition 7.4. Fzx a candidate A = (A, (T a : a G £1)). M^e iwW de- 
fine a topological space X(A) as follows. 

For a G L\ let B(T a ) be the collection of the cofinal branches of T a , 
and let 

B(A) = \J{B(T a ) : a G U}. 

The underlying set of the space X(A) is 13(A). 

For x G U\ x uj let U(x) = {y G U\ x uj : x ^ y} and 

V(x) = {be 13(A) :3yeb(x± y)}. 

Clearly V(x) = {b G 13(A) : b C* U(x)}. 
We declare that the family 

V = {V(x) : x G Ui x u} 

is the base of X(A). 

Lemma 7.5. V is a base, and so X(A) is a topological space. 

Proof. Assume that b G V(x) fl V(y). Then there is z G b such that 

x -< z and y <z. Then b G V(z) C 1/(x) n V(u). D 

For i, t/ 6 Ui x w with x -< y let 

[i,|/] = {tGuiXw:3;^t^ u}. 

Definition 7.6. VFe say that a candidate A = (A, (T a : a G Li)) zs 
good i/f 
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(Gl) V{u) DV(v) iffu^v. 
(G2) Va G L x VC < a (T a \((x u)) ^ 0. 

(GS) (a) Ma G L x (\/x,y G T a ) U{x) n U(y) ^ iff x and y are ■<- 
comparable, 
(b) for each {a, (3} G [Li] there is f(a,/3) G w such that 

Wx G T a (/(a,/3)) Vy G 7>(/(a,0)) U(x) n L%) = 0. 

fG^j For eac/i x G u>i x a; and a G Li there is g(x, a) G u such that 
for each y G T a (g(x, a)) 

U(y) C U(x) or U(y) n *7(z) = 0. 

fG5j ///or all a G Li and£ < a we choose a four element -(-increasing 
sequence 

(x^ ( V ( >^)cT a \((x W ) 

i/ien there are {a, (3} G [Li] , ( < a, £ < (3, and t G T a fl T^ 

(%) y c a -< £ and [z?,<] = [a£,j/£] U {*}, 
(%%) w^ -< t and [z%,t] = [z%,w%] U {£}. 



Lemma 7.7. If A is a good candidate, then X(A) is a dense-in-itself, 
first countable, O-dimensional T 2 space such that the base {V(x) : x G 
uj\ x 00} is point countable and irresolvable. 

Proof. We prove this lemma in several steps. 

Claim 7.8. X(A) is dense-in-itself. 

Indeed, assume that b G B{T a ) and V(x) is an open neighbourhood 
of b. Then there is y G b with x -< y and so b G V(y) C V(x). Thus 
V(x) D V(j/) D {V G S(T a ) : y G 6'}, and so V{x) has 2 W many 
elements. So 6 is not isolated. 

Claim 7.9. X(A) zs T 2 . 

Indeed, let b G S(T a ) and c G B(7». 

If a = /3 then pick n such that x, the n t/l element of b, and y, 
the n th element of c, are different. Then b G V(x), c G V(y) and 
\Z(x)nK( 2 /) = 0by(GED(a). 

If a ^ fl then write n = f(a, (3) (see GJ2J)(b)), let x be the n </l element 
of 6, and let y be the n t/l element of c. Then 6 G V(x), c G V(n) and 
y(ar)nV(2/) = 0ty(GED(b). 

Claim 7.10. X(A) zs O-dimensional. 
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Indeed, assume that x G wi x u>, b G B(T a ) and 6 ^ V(x). Let {y} = 
6 H T a (g(a, x)). Then y ^ [/(a;) because 6 ^ V(x), so [/(x) n E%) = 
by (G0D. Thus V(x) n V(y) = as well. 

Claim 7.11. T7ie frase {V(x) : x G Wi x u} is irresolvable. 

Assume on the contrary that there is a partition (Kq, K\ ) of u\ x u 
such that both Vo = {V(a;) : x G Kq] and Vi = {V'(x) : x G ifi} are 
bases. 

Assume that a G Li, x,y £ T a with x <y and i G 2. We say that 
interval [x,y] is i-maximal in T a iff 

(i) [x, y] C Ki, but [x, z] G: Ki for any y -< z G T a . 

Subclaim 7.11.1. //a G Li and x G T a r\Ki, then there is x ^ y E T a 
such that the interval [x,y] is Ki-maximal in T a . 

Proof of the Claim. Assume on the contrary that there is no such y. 
Then we can construct a strictly increasing sequence (x, yo,yi, ■ ■ ■) in 
T a such that [x, y n ] C K t for all n < u. 

Then b = {y G T a : 3n G u y ■< y n } G B(T a ). 

Since 6 G V(x), and we assumed that {V(;z) : z G i^i_i} is a base, 
there is 2; G Xi—j with b G V(z) C V(x). Then x -< z by (GUJ). 
Moreover, there is y G & with z -< y because 6 G V(z). Thus 2; G 
[x,y] ni^i_i, so [x, y] <£_ Ki. Contradiction, the subclaim is proved. □ 

Using the subclaim, for all a E L\ and for all C, < a we will construct 
a four element ^-increasing sequence 

(x^ c a ,2 ( a ,^)cT a \((x W ) 

as follows. 

First, using (GJ2D pick s^T tt \((xw). 

If K n U(s«) n T a = 0, then let x£ = y^ = s%. 

Otherwise pick 



x 



eK n u(s%) n T a 



and then, using the Subclaim above, pick 

y« G U(x a c ) n T Q 

such that 

[x?,y?] is 0-maximal in T a . 

If i^x n U{yf) n T Q = 0, then let z% = w^ = y% 
Otherwise pick 

and then, using the Subclaim above, pick 

w« G U(z«) n T Q 
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such that 

[2?, w?] is 1-maximal in T a . 

By (GED, there are {a, (3} E [Li] 2 , ( < a, £ < [3, and t E T a n Tp 
such that 

(i) y^*and[a:£,t] = [a£,j/?]U{*}, 

(ii) u;| -< t and [z%,t] = [z^,wf] U {£}. 

Assume first that t E Kq. Then t G Kq fl T a , and [x?, t] = [x?, i/?] U 
{£}, so [x?,£] C iT , i.e. [x?,i/?] was not 0-maximal in T a . Contra- 
diction. If t G Ki, then a similar argument works using the interval 
[ze, We] and K\. 

So in both cases we obtained a contradiction, so the base {V(x) : 
x G u)\ x w} is irresolvable, which proves the lemma. D 

Next we show that some c.c.c. forcing introduces a good candidate. 
Define the poset V = (P, <) as follows. The underlying set consists 
of 6-tuples 

(A,±,I,{T a :aeI}J,g), 

where 

(PI) A G [wi x u)] <M , (A, <) is a poset, ^C <, I G [wi] w , 
(P2) T a c(Ana)xu and (T a , ^) is a tree for a E I, 

(P3) / and g are functions, dom(/) C [/] , dom(g) cAxJ, ran(/) U 

ran(g) C u 
(P4) To simplify our notation write C/(x) = {y E A : x ^ x} ior x E A. 

(a) If a G I and x,y E T a then C/(x) fl /7(y) 7^ iff x and y are 
^-comparable. 

(b) If {a, (3} E [dom(/)j and n = f(a,(3), then 

U[T a (n)] n C/[I>(n)] = and U[T a {n)] n 2>(< n) = 0. 

(P5) if (a?, a) G dom(g) then for all y E T a (g(x,a)) we have U(y) C 
C/(x) or E%) n U{x) = 0. 

For p E P write p = (A p , < p , i* {T£ : a E P], f p , g p ), and for x E A p 
let U p {x) = {y EA p :x^ p y}. 
For p, q E P let p < q iff 

(01) A p D A 9 , and ^=^ p f A q , 

(02) P D J« and T« = T p n A* for a G /", 

(03) if x G Ap \ A«, then U p {x) n A" = 0, 

(04) / p D / 9 and c/ p D 3 9 , 

(05) if U q {x) n ?7 9 (y) = then f/ p (x) n £/ p (y) = 0. 
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Clearly < is a partial order on P. 

For p G P write supp(p) = P U {a : (a, n) G A p for some n G w}. 

If ^ is a "P-generic filter, then let 

A = \J{A> -.peg}, 
I = \J{P -.peg}, 

T a = {j{T p a : a G p G g} for a G L 1} 

<? = u^ p : p g g y 

We show that P satisfies c.c.c, and A = ((ui xu,^), {T a : ct G Li}) 
is a good candidate. 

Definition 7.12. We say that the conditions p and q are twins iff 

(Tl) | supp(p)| = | supp(g)| ; moreover max(supp(p)flsupp(g)) < min(supp(p)A 
supp(g)), 

Denote p the unique order preserving bijection between supp(p) and 
supp(g) ; and define the function p : supp(p) xw4 supp(g) x u by the 
formula p({a,n) = ({p(a),n}. 

(T2) p['A p = A q 

(T3) x ^ y iff p(x) < q p(y) 

(T4) p"P = I q 

( T 5)T q p{a) =p;'T a . 

(T6) f p (x,y) = m iff f q (p(x), p(y)) = m, 
(Tl) g p (x,a) =m iff g q (p(x) , p(a)) = m. 

Lemma 7.13. If p and q are twins then 

p® q = 

(A p U A q , ^ p U ^ q , P U I q , {T p UT q :aePU I q }, f p U f q , g p U g q ) 

is a common extension of p and q, where T p (a) = for a ^ P. 

Proof. Straightforward. □ 

Lemma 7.14. There is a function <p from P into some countable set 
such that if <p(p) = tp(q) and supp(p) fl supp(g) < supp(p) A supp(g), 
then p and q are twins. 
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Proof. Let ip(p) be the type of the first order structure 

(supp(p) x co, A*, rf, P, {T p : a G F}, f , g p ) . 

D 

Lemmas 17.131 aud 17. 141 yield that V satisfies c.c.c 

Lemma 7.15. A — u)\ X oj, I — L\ and T 7 (0) \ (( x u) is infinite for 
all 7 G Li and £ < 7, and so fCG|) holds. 

Proof. For p 6 F, 7 6 Li and t/6 (7 x w) \ A p define pttl{y} 7 as follows: 

p\±){y} 1 = 

(A? U {„}, ^, P U {7}, {P* U {y}, I*:aeP\ {7}}, / P , <f ) • 

Then q — p tbl {y} 7 G P and p l±l {y} 7 < p. If we pick ?/ ^ ( x u, then 
q lh y G T 7 \ (£ x w), so we are done. D 

Lemma 7.16. (a/ 1 ylss^me i/iai p <E P, a £ P p and b G (7 x to) \ A p 
with a<b. Let 

p W a {6} 7 = 

(A p U {b},^ p U{(a,b)},{T p U {b},T p : a e PMj}}, f p ,g p ) . 
Then p l±l a {6} 7 G P and p l±l a {6} 7 < p. 
(b) The structure A is a candidate. 

Proof. First we check q — p l±l a {6} 7 G P. 
(F(I])-(F|3j) are straightforward. 

(FSJ)(a): Since U q (b) = {b}, we can assume that x, y 7^ b. If U p (x) fl 
U p (y) 7^ then x and ?/ are ^-comparable. So we can assume that 
6 G U q (x) H £/%). But then a G P p (a;) n P p (y), so we are done. 
(FSD(b): Assume that xeT q (n),ye T q (n) and z G U q {x) D U q {y). If 
z 7^ 6, then G U p (x) fl U p (y) which is not possible. So z = b. 

li x,y ^ b, then a G U p (x) fl U p (y) which is not possible. So we can 
assume that x = b and = 7. So 6 G T q (n) and so a G T p (n — 1). 
Thus TP(n — 1) nU p (y) 7^ which is not possible because (P@|(b) holds 
for p. 

Assume that x G T q (n), y G P«(< n) and y £ U q (x). It y 7^ 6, then 
y G U p (x) n T? (< n) which is not possible. So y = b and /3 = 7. Thus 
a G P«(< h) fl U p (x) which is not possible because (P2])(b) holds for p. 

(F|5]) Since P(6) = {&}, we can assume that y G A p . Since 6 G U q (z) 
iff a G P 9 (;z) for z G A p , if P p (u) C P p (x) then U q (y) C C/ 9 (x), and if 
U p {y) n P p (x) = then P%) n P 9 (x) = 0. 
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Thus we proved q G P. Since q < p is straightforward, we are done, 
(b) is clear from (a) by standard density arguments. □ 

Lemma 7.17. A has property (C[l\)- 

Proof. Assume that p G P, u,v G A p , v (£ U p {u) Pick 7 G L\ \ I p with 
supp(p) C 7, and pick b G 7 x u with t> < 6. 

Consider the condition q — p tt)„ {o} 7 < p. 

Since 6 G T«, we have V(6) n £(T 7 ) ^ 0, so V(b) + 0. Since U q (u) n 
[/<?(&) = we have I7(u) n £7(6) = 0, and so V(u) n V{b) = 0, and so 
®^V{b)cV{v)\V{u). □ 

Lemma 7.18. dom(/) = [Li] and dom(g) = wi X w X Li. Hence 
((M) and (C^j hold. 

Proof. Assume that {7, 5} G [P] 2 \ dom(f p ). 

Pick m such that T p {m) = for all a G -P. 

Extends f p to / 9 as follows: dom(f q ) = dom(/ p ) U {{7,^}} and 
/«(T,(5)=m. 

Let 

g=(^,^,F,{^:aGF,A^}). 

Then q & P and q < p. 

Similar argument works for g. □ 

Finally we verify that ((33) also holds. 
Assume that 

y p h V« G Li VC < a 

(x™, ?/", z™, w") C T a \ (( x w) is ^-increasing. 

For all a6 Li and £ < a pick a condition p? = (Af, ^?, . . .) which 
decides the sequence (x® , y™ , z® , w?) and {i",t/",z™,«)"} C T". 

Let us say that a A-system A C [a;] is nice iff A n S < AAB for 
all A ^ B G A. 

Using the Fodor lemma, for each £ G Wi find m^ < a; and 1^ G [Li] 
such that 

(i) tp(p < ?) = rn^ for all a G /(, where (p is from Lemma [7. 141 
(ii) {supp(p?) : a G J^} forms a nice A-system with kernel S^, more- 
over a G supp(p") \ S(;. 
(iii) (a%,y£,z£,w%) = (x c ,?/ c ,z c ,w c ) for a G J c . 
Then {x" ,y" ,«f ,twf} = {x ( ,y z w ( } C S ( xu. 
Find m G uj and / G [wi] 1 such that 
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(iv) m^ = m for all ( G /, and so 

VC G I Va G J c y>(p£) = m. 

(v) {S^ : ( G /} forms a nice A-system with kernel S. 

Pick {£, C} G [/] . Then pick a E 1^ such that S^ U S^ < supp(p?) \ 
S{. So 

5<(^U5 C )\5< supp(^) \ S c . 

Now pick j3 G i^ such that supp(p") < supp(p^) \ S^. So 

(5 € U5 C )\5< supp(^) \ S c < supp(p£) \ % 

o(p^)\S^ and /3 G supp^^X^. 
?(p?) and ip{vc)) are twins, and 



S< 



Thus supp(p")flsupp(p^) =5,aG supp(p™)\iSf and /3 G supp(p^) 
Since ty?(p?) = <f(Pf), the conditions ty?(p?) and cp(p^)) are twins, 



q = p" ®p^ 



is a common extension. Pick ( 6 (a X w) \ (A? U A^) with y^ < £ and 



Define r as follows: 



= (A 



r'""-r + 1 -,*/,, m ,- .„ - l*\{ a ,0}},f«,g*) . 



{72U{0,T?U{t},^: 7 e 



CJ 



P ? r s P ^r (s c \ s) P ^ r o% \ 5) 



/,'-' 



P« 



^C 



™« 




;i !e 




l 



S c \5 



S e \S 



suppp^"\5 c suppp|\5 e 



Wl 



To check r G P we will use the following observation: 
r \ (supp(p?) U (0) = P( &,$ {t} a 

and 

r \ (supp(p?) U (0) = pf W w | {i}/3- 

Now let us check (P1)-(P5). 



(7.1) 
(7.2) 



PARTITIONING BASES OF TOPOLOGICAL SPACES 25 

(HI]) is trivial for r. 

(FGJ). Let 7 G I q . If 7 ^ a, /3, then T 7 9 = 7* so we are done. 

Moreover, T r a = T q U {t}, t G a x u, and (7£, ^) is a tree by flU} 
and (E2D. 

The same argument works for To. 

(F|3]) is trivial. 

(FSD(a). Assume that 7 el r ,x,y G T 7 r with [7 r (x) n £/ r (y) ^ 0. Since 
U r (t) = {£} we can assume x,y G A 9 . 

Assume that 7 G J?. Then T q C A?, and so x,y G A?. Thus 
£ G £7 r (a;) n ?7 r (y) implies y° G C/ r (x) n C/ r (y). So f/«(x) n [/«(» 7^ 0, 
which yields that x and y are ^ 9 comparable because q G P. 

Similar argument works when 7 G P« . 

(FS])(b). Assume that {«',/?'} G dom(/ r ) = dom(/ <? ) = dom(^) U 
dom(j»e). We can assume that {a',/3'} G dom(p^). 

Write n = f r {{a',f3'}). 

(i) Assume on the contrary that there are a G T^,(n) and 6 G TL(n) 
withU r {a)nU r (b)^®. 

First assume that {a, b} G [A 9 ] . Since q G P, we have £/" 9 (a) fl 
C/9(fo) = 0. So t G £/ r (a) n U q {b) should hold. 

If c G A?, then t G t/"(c) implies y^ G £/(c) by 17.11 Similarly, if 

c G A|, then t G 17(c) implies w c G J7(c) by El 

Since U q (a) fl £/ 9 (6) = 0, we can assume that a G A? \ A? and 

beA^XA*. 

But then a' G supp(jo°) \ S and /?' G supp(p^) \ S 1 , so f r (a',/3') is 
undefined. Contradiction. 

So we can assume that e.g t = a and b G A q . Assume first that b G 

A p (. Then a' = a and y c G A« by (171) . Thus y c G t5(< n) n £/ p "0), 

and so Ta"(< n) n C/[Tj"(n)] ^ 0, so (H])(b) fails for p£. 

If 6 G Af , then we can use similar arguments using (I7.2p instead of 

dEU). 

(ii) Assume on the contrary that there are a G T^,(n) and b G TL(< 
n)nU r (a). 

Clearly a ^ t. If 6 ^ t, then a G 7^(n) and b G T|,(< n) n U q {a) 
which contradicts q G P. 

Assume that b = t. If 6 G A p c , then (17.1 1) implies f3' = a and 
y c G P 9 (a) nT«(<4 Thus y c G 7|,(< n) n £/"(a), which contradicts 
96P. 
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If b G A p « , then we can use similar arguments using ( 17.2ft instead of 

dHD. 

(F03). Let (x, 7) G dom(g r ) and y G 3T(gr(a;, 7)) 
Since /7 r (£) = {£}, we can assume that x,y ^t. 
Sox, ye A q . If U q {y) C C/ 9 (x), then x di q y and so U r (y) C £/ r (x). 
Assume on the contrary that U q (x) fl U q (y) = 0, but £ G U r (x) fl 

£/%)• 

We can assume that (x, 7) G g Pc . Thus x G A? and 7 G I?. 

However T q C A£, so y G A£. 

Since x, y G A£ and 7 G If, t G £/ r (x) n C/ r (y) implies y c G £/ p " (x) n 
£/ p c (y) by dUTJ, which contradicts U q (x) n £/%) = 0. 

So we proved r G P. 

Next we show that r < p9,pf. (01)-(04) are trivial. To check (05), 
assume on the contrary that U p " (a) n U p ( (b) = 0, but U r H £/ r (6) 7^ 0. 

Then £ G £/ r (a) C)U r (b), and so y£ G U p < (a) n U p < (b) by (J7JJ, which 
is a contradiction. 

Finally, it is also straightforward that 

r Ih (GED (i)-(ii) holds for a, ft C, 6, and t. (7.3) 

So we proved the theorem. □ 

8. Open problems 

In this section, we present a list of open problems which could be of 
further interest and are closely connected to our results. 

Problem 8.1. Is every linearly ordered space base resolvable? 

Problem 8.2. Is every T3 (hereditarily) separable space base resolv- 
able? 

Problem 8.3. Is every paracompact space base resolvable? 

Note that under PFA, every T3 hereditarily separable space is Lin- 
delof hence base resolvable by Corollary 13.61 Also, we conjecture that 
our forcing construction can be modified to produce a separable non 
base resolvable space. 

Problem 8.4. Is every power ofR base resolvable? Is it true that base 
resolvability is preserved by products ? 

We know that every 7r-base is the union of two disjoint 7r-bases by 
Proposition 12.31 However: 
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Problem 8.5. Does every base contain a disjoint base and n-base? 

Bases closed to finite unions are resolvable by Corollary 14.71 which 
raises to following question: 

Problem 8.6. Is it true that every base which is closed to finite inter- 
sections is base resolvable? 

It would be interesting to look into the following: 

Problem 8.7. Is every self filling family T of closed (Borel) sets of 
w^ resolvable? 

Concerning negligible subsets we ask the following: 

Problem 8.8. Is there a base B for some space X such that every 
U G [B]' B ' contains a neighborhood base at some point? 
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